Sunto. In questo articolo si ottengono condizioni sulla forma di Lee affichè un' applicazione olomorfa tra varietà quasi-hermitiane sia un' applicazione armonica oppure un morfismo armonico. Poi, si discute sotto quali condizioni, (i) l'immagine di un' applicazione olomorfa di una varietà cosimpletticaè anche cosimplettica, (ii) un' applicazione olomorfa con immagine hermitiana definisce una struttura hermitiana sul suo dominio.
Introduction
One of Franco Tricerri's interests was in Hermitian manifolds. In [21] various types of Hermitian structures are discussed and conditions on the Lee form are of paramount importance. That Hermitian structures are closely connected with harmonic morphisms is shown in [2] and [25] . In this paper we study this connection for more general almost Hermitian manifolds. We obtain conditions involving the Lee form under which holomorphic maps between almost Hermitian manifolds are harmonic maps or morphisms. We show that the image of certain holomorphic maps from a cosymplectic manifold is cosymplectic if and only if the map is a harmonic morphism, generalizing a result of Watson [23] . Finally, in Theorem 5.1 we give conditions under which a harmonic morphism into a Hermitian manifold defines an integrable Hermitian structure on its domain.
Harmonic morphisms
For a smooth map φ : (M, g) → (N, h) between Riemannian manifolds its tension field τ (φ) is the trace of the second fundamental form ∇dφ of φ:
dφ(e j ) − dφ(∇ e j e j )} (1) where {e j } is a local orthonormal frame for T M, ∇ φ −1 T N denotes the pull-back of the Levi-Civita connection ∇ N on N to the pull-back bundle φ −1 T N → M and dφ : T M → φ −1 T N is the pull-back of the differential of φ. The map φ is said to be harmonic if its tension field vanishes i.e. τ (φ) = 0. J. Eells and J. H. Sampson proved in [7] that any holomorphic map between Kähler manifolds is harmonic and this was later generalized by A. Lichnerowicz in [17] . For information on harmonic maps, see [4] , [5] , [6] and the references therein.
A harmonic morphism is a smooth map φ : (M, g) → (N, h) between Riemannian manifolds which pulls back germs of real-valued harmonic functions on N to germs of harmonic functions on M. A smooth map
ker dφ x the restriction dφ x | Hx is a conformal linear map onto
Points of type (i) are called critical points of φ and those of type (ii) regular points. The conformal factor λ(x) is called the dilation of φ at x.
Setting λ = 0 at the critical points gives a continuous function λ : M → [0, ∞) which is smooth at regular points, but whose square λ 2 is smooth on the whole of M. Note that at a regular point φ is a submersion.
A horizontally weakly conformal map is called horizontally homothetic if dφ(grad(λ 2 )) = 0. B. Fuglede showed in [9] that a horizontally homothetic harmonic morphism has no critical points.
The following characterization of harmonic morphisms is due to Fuglede and T. Ishihara, see [8] , [15] For information on harmonic morphisms see [2] and [26] . 
and locally one can always choose an orthonormal frame {e 1 , . . . , e m , Je 1 , . . . , Je m }
for T M such that
The set {Z k | k = 1, . . . , m} is called a local Hermitian frame on M.
As for any other (1, 1)-tensor the divergence of J is given by
Remark 3.1. Modulo a constant, the vector field JδJ is the dual to the Lee form, see [21] . It is called the Lee vector field.
Following Kotō [16] and Gray [12] with alternative terminology due to Salamon [20] we call an almost Hermitian manifold (M, g, J)
Note that a (1, 2)-symplectic manifold (M, g, J) is automatically cosymplectic. It is an easy exercise to prove the following two well-known results:
be an almost Hermitian manifold. Then the following conditions are equivalent:
of the two unit spheres in C r+1 and C s+1 equipped with their standard Euclidean metrics. The manifold (M, g) has a standard almost Hermitian structure J which can be described as follows (cf. [14] and [22] ): Let n 1 , n 2 be the unit normals to S 2r+1 , S 2s+1 in C r+1 , C s+1 and let H 1 , H 2 be the horizontal spaces of the Hopf maps S 2r+1 → CP r , S 2s+1 → CP s , respectively. Then any vector tangent to M has the form
where a, b ∈ R, X 1 ∈ H 1 , X 2 ∈ H 2 , and J 1 , J 2 are the standard Kähler structures on C r+1 and C s+1 , respectively. Then the almost complex structure J on M is given by
We calculate that (cf. [24] ):
The almost Hermitian manifold (M, g, J) is called the Calabi-Eckmann manifold. It is cosymplectic if and only if s = r = 0 i.e. when M is the real 2-dimensional torus in C 2 .
Example 3.5. Any invariant metric on a 3-symmetric space gives it a (1, 2)-symplectic structure (cf. Proposition 3.2 of [13] ). Such 3-symmetric spaces occur as twistor spaces of symmetric spaces. One interesting example is the complex Grassmannian G n (C m+n ) = SU(m + n)/S(U(m)×U(n)) with twistor bundle the flag manifold N = SU(m+
N has an almost Hermitian structure usually denoted by J 2 such that
For further details see [20] .
Finally, recall that an almost Hermitian manifold is called Hermitian if its almost complex structure is integrable. A necessary and sufficient condition for this is the vanishing of the Nijenhuis tensor (cf.
[18]), or equivalently, that T 1,0 M is closed under the Lie bracket i.e.
[
The harmonicity of holomorphic maps
Throughout this section we shall assume that (M m , g, J) and (N n , h, J N )
are almost Hermitian manifolds of complex dimensions m and n with Levi-Civita connections ∇ and ∇ N , respectively. Furthermore we suppose that the map φ : M → N is holomorphic i.e. its differential dφ 
Proof: Let {Z k } be a local Hermitian frame, then a simple calculation
shows that
so that the (0, 1)-part of JδJ is given by
The holomorphy of φ implies that dφ(Z k ) belongs to
and the (1, 2)-symplecticity on N that ∇
This means that A 0,1 = 0. From Equation (1) and the symmetry of the second fundamental form ∇dφ we deduce that τ (φ) = 2(A+B). Taking the (0, 1)-part and using the fact that φ is holomorphic we obtain
Since τ (φ) and dφ(JδJ) are both real, we deduce the result.
The next proposition gives a criterion for harmonicity in terms of the Lee vector field. To deduce that φ is a harmonic morphism we must assume that φ is horizontally weakly conformal. In that situation we can say more:
surjective horizontally weakly conformal holomorphic map between almost Hermitian manifolds. Then any two of the following conditions imply the third: (i) φ is harmonic and so a harmonic morphism,
(ii) dφ(JδJ) = 0. 
The vector field 
Then it is not difficult to see that φ is holomorphic. Further the kernel of dφ is given by ker dφ = span{J 1 n 1 , J 2 n 2 }. From Example 3.4 we get dφ(δJ) = −2dφ(rJ 1 n 1 + sJ 2 n 2 ) = 0. Since the map φ is a Riemannian submersion we deduce by Proposition 4.4 that φ is a harmonic morphism.
The next result can be extended to any of the twistor spaces considered by Salamon in [20] , but for clarity we state it for a particular case. we obtain:
Lemma 4.12. The twistor fibration π :
Proof: Decompose Z and W into vertical and horizontal parts Z = 
The first term is zero and the second term is of type (0, 1) with respect to the almost Hermitian structure J p on G n (C m+n ) defined by p, since ∇ Z VW is of type (0, 1) and dπ p :
Similarily ∇dπ(W, Z V ) is of type (1, 0), so by the symmetry of ∇dπ,
5. Superminimality 
Proof: We will show that T 1,0 M is closed under the Lie bracket i.e.
[ 
The subspace T 1,0 M is isotropic w.r.t. , so V, V = 0. The superminimality of the fibres implies that 
